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In magnetism, skyrmions correspond to classical spin textures that are formed in a system as the
result of competing magnetic interactions. Such non-trivial magnetic textures can be observed in
actual materials using spin-polarized scanning tunneling and Lorentz microscopy, or in x-ray and
neutron scattering experiments. Theoretically, skyrmion spin textures are usually obtained as the
solution of a continuous micromagnetic model, or of an equivalent classical spin lattice problem, and
they are characterized by a topological invariant that counts how many times the spins wrap around
the sphere. The typical distance over which spins wind can a priori be made very small by reducing
direct exchange interaction, leading to the concept of nanoskyrmions, with tremendous potential
applications for memory storage. However, by the time spins wind over a few lattice spacings only,
a continuous approximation is no longer appropriate, and quantum effects cannot be ignored. The
very concept of a skyrmion is in fact not obvious for quantum spins since the orientation of a spin is
in general ill-defined – the three components of a quantum spin cannot be measured simultaneously
– and the characterization of the quantum version of skyrmion textures calls for new ideas. In this
work we argue that the classical skyrmion can be considered as the result of a single measurement
of a more general quantum skyrmion state. We show that this novel quantum state is well defined
even for the ultra-quantum case of spins-1/2. For a full characterization of the quantum skyrmion
we introduce a special correlation function of three spin operators – the quantum scalar chirality.
We find that this quantity is nearly constant in the quantum skyrmion state, and can be proposed
as a quantum version of the classical skyrmion number.
I. INTRODUCTION
The progress in the development of experimental tech-
niques1–8 for the observation of magnetic skyrmions,
topologically protected spin structures9, poses new chal-
lenges for the theory and numerical simulations of or-
dered magnetic phases10. Nowadays, skyrmions are
mostly discussed in the context of spintronics, where
these stable magnetic structures are proposed as bits in
magnetic memory devices11–13. The need to store more
and more information requires the development of ultra-
dense memories. This fact motivates the investigation
of skyrmions of a nanoscale size, with recent significant
progress. The experimental observation of skyrmions
with the characteristic size of a few nanometers has al-
ready been achieved14,15, and nanoskyrmions were the-
oretically predicted in frustrated magnets16–18, narrow
band Mott insulators under high-frequency light irradia-
tion19, and Heisenberg-exchange-free systems20. On such
small characteristic length scales compared to the lat-
tice constant, quantum effects cannot be neglected how-
ever. In that respect, the numerical study of classical
spin models can no longer be considered as an exhaus-
tive solution of the problem21. The same difficulty also
arises in low-dimensional systems with small spin (e.g.
S = 1/2) and itinerant magnetic systems with delocal-
ized magnetic moments. In both cases quantum fluctu-
ations play a crucial role, because, strictly speaking, the
spin itself is a quantum characteristics of an electron.
The difficulty one faces with quantum skyrmions is
both technical and conceptual. It is technical because
these topological spin structures usually emerge as the
result of a competition between different magnetic inter-
actions, leading to a magnetic frustration that restricts
the applicability of quantum Monte Carlo methods due
to the famous sign problem22. Besides, the magnetiza-
tion profile of a skyrmion varies in all space directions,
and methods relying on a definite value of the local mag-
netization will require the use of large lattice supercells,
in the same way as antiferromagnetic (AFM) ordering in
quantum systems can be properly captured only via at
least a two-site cluster23–25. And exact diagonalization
(ED) based methods, even if they have significantly im-
proved over the years, still have a severe restriction on
the cluster size. For instance, for spin-1/2, the current
limit is 50 lattice sites26,27.
But there is also a difficulty of a more conceptual na-
ture: How can one characterize a quantum skyrmion?
When the ground state of a magnetic system breaks a
lattice symmetry, the quantum ground state is essentially
a quantum superposition of the different classical ground
states. As a consequence of this superposition, the sym-
metry is restored in the ground state of a finite system,
the symmetry breaking only appearing as a collection of
low-lying states, the so-called Anderson tower of states.
Accordingly, to reveal the broken symmetry, one cannot
just look at local observables in the ground state. More-
over, in a true infinite quantum spin system all lattice
sites are identical and have the same value of the local
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2FIG. 1. Schematic representation of the local magnetization
measurement of a quantum system typical for Lorentz and
STM experiments. Upon individual measurements, the quan-
tum skyrmion state (left panel) collapses to different classical
skyrmion structures (center panel). The average over all re-
sults of measurements gives a uniform magnetization picture
that corresponds to a true quantum system (right panel).
magnetization 〈Sˆ〉. In this case, the latter can be seen
as the average over all possible classical realizations of
the quantum system as shown in Fig. 1. Thus, a purely
quantum skyrmion state cannot be identified by a mag-
netization profile 〈Sˆ(r)〉, contrary to a classical skyrmion
solution. Instead, one has to calculate a momentum-
space representation of a spin-spin correlation function
(structure factor), and if there is magnetic ordering, it is
signalled by the development of Bragg peaks at momenta
that correspond to the wave vectors q of the ordering.
Since the classical skyrmion can be considered as a su-
perposition of spin spirals, a similar structure of Bragg
peaks is expected for a quantum skyrmion structure.
Strictly speaking, even in the classical case the spin-
spin correlation function is also not a sufficient measure
for a skyrmion state. It is actually characterized by
a topological invariant which, for continuum models of
magnetism, is given by the following expression
Q =
1
4pi
∫
m [∂xm× ∂ym] dx dy (1)
that counts the number of times the magnetization m(r)
wraps around a sphere. This characterization depends in
an essential way on the relative orientation of the local
spins, an information which cannot be extracted from the
quantum ground state for the reasons explained above.
The fundamental problem is thus how to generalize the
classical topological invariant (1) to the quantum case.
On a lattice, the proper version of the classical topologi-
cal invariant has been proposed by Berg and Lu¨scher28.
According to their idea, the winding of the magnetization
can be approximated by a sum of all spherical surfaces
that are formed by three neighboring spins. Unfortu-
nately, their expression for the skyrmion number cannot
be easily converted into a linear quantum operator. What
we propose here is to use a discrete version of the topolog-
ical invariant, the scalar chirality (see below). As we shall
see, this quantity, which is naturally defined for both clas-
sical and quantum spins, captures the non-collinearity of
neighboring spins, and it turns out to be almost constant
inside skyrmion phases both for classical and quantum
spins, leading to a general and flexible characterization
of quantum skyrmions.
II. RESULTS AND DISCUSSION
We start with the following lattice Hamiltonian of a
quantum spin model
Hˆ =
∑
ij
JijSˆiSˆj +
∑
ij
Dij [Sˆi × Sˆj ] +
∑
i
BzSˆzi . (2)
Here, Jij is the isotropic Heisenberg exchange interac-
tion. Dij is an in-plane vector that points in the di-
rection perpendicular to the bond between neighboring i
and j sites and describes the Dzyaloshinskii-Moriya in-
teraction (DMI). B is an external uniform magnetic field
applied along the z direction. In the classical limit, the
isotropic exchange interaction favours the collinear align-
ment of spins. The Dzyaloshinskii-Moriya interaction
brings magnetic frustration in the system and tries to
arrange neighboring spins perpendicularly to each other.
Quite generally, this competition leads to the formation
of a classical skyrmion that is usually stabilized by a
nonzero magnetic field.
Let us look in more detail at the phase diagram of the
model of Eq. (2) on the triangular lattice. In order to
compare the classical and the quantum spin-1/2 cases, we
have chosen to work on a 19-site cluster for which ED can
easily be performed, and we have adjusted the exchange
interaction J = −0.5D, where D is the length of the DMI
vectors, to produce a nanoskyrmion compatible with this
cluster size. The main results are summarized in Fig. 2.
For the classical case, the presence of three main phases
is already clear from the average magnetization 〈mz〉
(Fig. 2 (e)), which exhibits two jumps at Bc1 ' 0.21 and
Bc2 ' 0.6, indicating strongly first order phase transi-
tions and major reorientations of the spins. However,
a closer look at the real space orientation of the spins
(Fig. 2 (g)) shows that in the low-field phase the spins
are coplanar (I), while in the intermediate phase the spins
form three different 3d-textures (II, III, and IV) in spin
space, which are hardly distinguishable from the energy
plot (see below). Above Bc2 ' 0.6, the spins are fully po-
larized (V), so Bc2 is the saturation field. To further iden-
tify the nature of the various phases, it is useful to look at
several additional properties. The first one is the static
longitudinal spin structure factor defined X
‖
q = 〈SˆzqSˆz−q〉.
Figure 2 (i) shows that in the low field phase, it exhibits
two Bragg peaks at opposite wave vectors q and −q, typ-
ical of a helical state of pitch vector q. In the interme-
diate phase, the structure factor is less specific. It looks
like the superposition of 3 pairs of Bragg peaks rotated
by pi/3 and of a Bragg peak at the zone center. This
is, of course, consistent with a skyrmion structure that,
together with the superposition of enclosed spin spirals,
is associated with the ferromagnetic ordering along the
3FIG. 2. Skyrmion number (a, b, c), average magnetization (e, f), local magnetization of the lattice (g, h), and structure
factors (i, j) as a function of magnetic field for the classical (left panels) and quantum (right panels) problems for a 19-site
triangular lattice with periodic boundary conditions. Panel (d) represents the fidelity of the ground states calculated for the
quantum problem. Roman numbers denote different phases.
skyrmion boundary. However, as we have pointed out
above, the real identification comes from the topologi-
cal invariant QBL (1), which is calculated here using the
Berg-Lu¨scher approach28. As expected, we observe that
this invariant is equal to 1 in the intermediate phase and
vanishes outside it (Fig. 2 (a)). Importantly, neither the
structure factor nor the topological invariant can reflect
the presence of three types of skyrmions in the interme-
diate phase.
Let us now try to perform a similar analysis for
the quantum case. From the average magnetization
(Fig. 2 (f)), three regimes emerge, but as compared to the
classical case, the first transition is rounded. Indeed, 〈Sˆz〉
shows a rapid but smooth increase at a field BΨ1 ' 0.3
and a jump at BΨ2 ' 0.7. The identification of the na-
ture of these phases is by far not as simple however. First
of all, as anticipated in the introduction, the expectation
value of the local spin is uniform. So it is impossible to
detect a planar or a 3d-texture from this observable as
can be seen from Fig. 2 (h). The natural idea is then to
turn to the structure factor (Fig. 2 (j)). However, there
is no qualitative difference between low and intermedi-
ate fields: in both cases, there are six maxima forming
a hexagon and a maximum at the zone center, as in the
skyrmion phase of the classical case.
Does it mean that there is a single phase between
zero field and saturation, and no well defined skyrmion
phase? Not necessarily. Indeed, if we think in semiclassi-
cal terms, the effect of quantum fluctuations on a helical
phase will be to stabilize a linear combination of helices
if there are different choices of equivalent wave-vectors,
and indeed here there are three equivalent choices of pitch
vector. So if the low field phase is the quantum version
of the helical phase, we indeed expect to have a hexagon
of peaks. The problem is that this is also expected in the
case of a skyrmion phase. So it is possible that there are
two different phases for quantum spins as well. It is just
impossible to distinguish them with the structure factor.
This example clearly calls for an alternative character-
4ization of quantum skyrmions. The solution we propose
is based on the following remarks. First of all, the fun-
damental difference between a classical helical state and
a classical skyrmion is that the helical state is a coplanar
structure (all spins lie in a given plane) while a skyrmion
is a 3d-texture. So these structures can be distinguished
by the mixed product of three spins Si[Sj × Sk], where
i, j, and k are three arbitrary lattice sites. Indeed this
expression will be exactly zero for a helical state, but not
for a skyrmion. In fact, the skyrmion invariant involves
a similar mixed product of three magnetization vectors,
because the discrete form of the classical topological in-
variant (1) can be written as29
Qlatt =
1
8pi
∑
〈ijk〉
mi [mj ×mk]. (3)
Here, mi, mj , and mk are classical magnetization vec-
tors of length 1, and the summation runs over all non-
equivalent elementary triangles that connect neighboring
i, j, and k sites. This quantity is known in other contexts
as the scalar chirality, the term we will use from now on.
Importantly, as we show in the Supplemental Material,
the scalar chirality (3) coinsides with topological invari-
ant (1) in the limit of slowly varying magnetization with
respect to a lattice constant. For nanoskyrmions, whose
typical length scale is comparable to the lattice constant,
a more precise result for the topological invariant is given
by the Berg-Lu¨scher approximation. Still, the scalar chi-
rality is equally good when it comes to distinguishing a
helical phase from a skyrmion phase. Indeed, it vanishes
identically in a helical phase because it is strictly copla-
nar, and it does not for a 3d-texture. For the classical
case this fact is illustrated in Fig. 2 (a). A closer look at
the scalar chirality in the intermediate range of magnetic
fields presented in Fig. 2 (c) allows to distinguish three
skyrmion phases. They are characterised by a different
size an structure of magnetic pattern, which is illustrated
in Fig. 2 (g) on II, III, and IV panels. Thus, contrary to
the topological number QBL, the scalar chirality is sen-
sitive to different types of magnetic skyrmions.
Now, the main advantage of the scalar chirality over
the Berg-Lu¨scher invariant when it comes to quantum
systems is that this quantity can be interpreted as a lin-
ear operator for quantum spins, so that a ground state
indicator can be defined by simply calculating the expec-
tation value of this operator in the ground state. This
leads to the following simple definition of the quantum
scalar chirality
QΨ =
N
pi
〈Sˆ1 [Sˆ2 × Sˆ3]〉, (4)
where N is the number of non-overlapping elementary
triangular plaquettes that cover the lattice. Labels 1, 2,
and 3 depict three different spins that form an elemen-
tary plaquette. Here, we used the fact that the quantum
ground state of the system is translationally invariant, so
that the value of the scalar chirality is the same for any
elementary triangle.
FIG. 3. Classical (black circles) and quantum (red circles)
energies of the ground state of the system. The parameters
used for the calculation are the same as in Fig. 2.
As shown in Fig 2 (b), QΨ behaves differently in low,
intermediate, and high-field phases. Contrary to the clas-
sical case, at low fields (BΨ1 < 0.3) the quantum chirality
increases gradually with the magnetization. Approach-
ing the intermediate regime, QΨ saturates and remains
nearly constant in a very broad range of magnetic fields.
This remarkable result cannot be simply interpreted as
a freezing of the system since the magnetization keeps
growing as in the low field phase, implying that the quan-
tum ground state of the system evolves continuously. Fi-
nally, at the critical field BΨ2 ' 0.7, the system enters
the fully polarized regime, as indicated by the stepwise
decrease of the quantum chirality to zero. The physical
picture for the low-field phase is that the ground state is
coplanar at zero magnetic field. But instead of remaining
coplanar as in the classical case, the linear combination
of helical states in the quantum system acquires a non-
coplanar structure upon increasing the field. In this case,
spins progressively move out-of the plane in the direction
of the field, which results in a nonzero value of the scalar
chirality proportional to the tilting angle. By contrast, in
the intermediate phase, the relative angle between spins
does not change. It is the collective orientation of the
skyrmion spin texture that allows the system to continue
developing magnetization.
Another quantity supplementing scalar chirality is the
fidelity30 Fαβ = | 〈Ψα|Ψβ〉 |, which measures the over-
lap between two quantum states |Ψα〉 and |Ψβ〉. This
quantity is shown in Fig. 2 (d) as a function of two mag-
netic fields, at which the ground state eigenfunctions
|Ψα,β〉 = |Ψ(Bα,β)〉 were calculated. The intensity of the
plot corresponds to the value of fidelity Fαβ . Here, we
observe four different phases that can be clearly isolated
by exactly zero fidelity between their ground states. It is
again truly remarkable, that the fidelity approaches unity
(Fαβ > 0.92) in the intermediate field regime, which
shows that for this range of magnetic fields the quantum
ground state of the system indeed represents a unique
quantum skyrmion state. Moreover, the fidelity inside
the skyrmion phase is almost as uniform as in the fully
polarized one, where it is identically equal to 1 due to
5the trivial product structure of the ground state of the
system. By contrast, the low-field phase is more sensitive
to a change of magnetic field: the value of the fidelity is
close to unity only for equal values of the magnetic field
Bα = Bβ . A similar behaviour is observed in a narrow
window of magnetic fields 0.66 ≤ B ≤ 0.68 at the end of
the intermediate field phase right before the transition to
a polarized state. This result is consistent with the be-
havior of the quantum chirality presented in Fig. 2 (b).
Finally, we note that the quantum skyrmion state has
a lower energy than the corresponding classical skyrmion
solution due to quantum fluctuations (see Fig. 3). Thus,
this novel quantum state that can be fully character-
ized by the quantum scalar chirality represents the true
ground state of the system.
III. CONCLUSIONS
We have introduced and analyzed a novel quantum
state of a spin system - a quantum skyrmion. We have
shown that this state can be characterized by the expec-
tation value of a skyrmion operator related to the quan-
tum scalar chirality of three neighboring spins. Indeed,
in close analogy to the topological invariant that keeps
track of the winding in classical skyrmions, the expecta-
tion value of the skyrmion operator is field independent
to very high accuracy inside the skyrmion phase, by con-
trast to the simple superposition of spin orderings, where
it changes a lot with the field. The value at which it sta-
bilizes is related to the size of the skyrmion, and it would
approach unity for very large skyrmions. This reduction
factor is related to the value of the nearest-neighbor cor-
relation function and can be independently estimated, so
that, if necessary, the expectation value of the skyrmion
operator could also be used to estimate the number of
skyrmions in a quantum nano-skyrmion structure.
IV. METHODS
The eigenstates used for the calculation of the scalar
chirality, magnetization and structure factors were ob-
tained via an exact diagonalization approach. For that
purpose we used the implicitly restarted Arnoldi algo-
rithm as implemented in ARPACK library. Such a solu-
tion allowed us to optimize memory and CPU utilization
due to CRS (Compressed Row Storage) sparse matrix
format31 used for the representation of the Hamiltonian.
It is noticeable that, for the triangular supercell we have
used, the ground state is sixfold degenerate for magnetic
field values below 0.28 and in a narrow region between
the skyrmion and saturated phases. To obtain such a rich
ground state structure we calculated 24 extreme eigen-
states with lowest energy using 256 Arnoldi vectors. We
also checked that further increasing these numbers does
not change the ground state structure. For spin spiral
phase this degeneracy could be associated with six pos-
sible wave vectors in case of triangular lattice. The cal-
culation of scalar chirality as well as fidelity, local mag-
netization and structure factors was performed on GPU
using CUDA framework and cuBLAS library.
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Appendix A: Supplemental material
In this section we show that the scalar chirality, which
is a discrete form of the classical skyrmion number, co-
incides with the expression for the topological number
proposed by Berg and Lu¨scher in the continuous limit.
As has been mentioned in the introduction, Berg
and Lu¨scher proposed to calculate the skyrmion number
through the sum of all spherical surfaces that are formed
by three neighboring spins. The most convenient form of
the resulting expression for the topological number has
been introduced in Ref. 32
Q =
1
2pi
∑
〈ijk〉
tan−1
{
8〈Sˆi[Sˆj × Sˆk]〉
1 + 4(〈SˆiSˆj〉+ 〈SˆjSˆk〉+ 〈SˆkSˆi〉)
}
.
Here, we replaced all spin products by correlation func-
tions in order to get a quantum analog of the Berg and
Lu¨scher formula. Since the quantum ground state is
translationally invariant, all lattice sites are identical and
all neighboring two- and three-spin correlation functions
on the triangular lattice are the same. This allows to
simplify this expression to
Q =
N
2pi
tan−1
{
8〈Sˆ1[Sˆ2 × Sˆ3]〉
1 + 12〈Sˆ1Sˆ2〉
}
.
Expanding tan−1(x) to first order in x results in the fol-
lowing expression
Q = α
N
pi
〈Sˆ1[Sˆ2 × Sˆ3]〉,
where
α =
4
1 + 12〈Sˆ1Sˆ2〉
.
When the characteristic size of a skyrmion is much larger
than the lattice constant, the magnetization varies slowly
in space. Then, the nearest-neighbour spins are ap-
proximately aligned, and we get a short-range ferromag-
netic order. Then, the spin-spin correlation function
6〈Sˆ1Sˆ2〉 ' 〈Sˆ1〉 〈Sˆ2〉 = 1/4, leading to α = 1. The three-
spin correlation function can also be decoupled as
Q =
N
pi
〈Sˆ1[Sˆ2 × Sˆ3]〉
=
1
pi
∑
〈ijk〉
〈Sˆi〉[〈Sˆj〉 × 〈Sˆk]〉
=
1
8pi
∑
〈ijk〉
mi[mj ×mk],
which results in the discrete analog of the standard for-
mula for a classical skyrmion number.
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